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ABSTRACT 
We determine the minimum permanents on certain faces of 8, for the fully 
indecomposable (0,l) matices containing an identity submatrix of some order. We 
also determine whether the given fully indecomposable (0,l) matrices are either 
cohesive and barycentric. 
1. INTRODUCTION AND PRELIMINARIES 
The recent solution [3] of the van der Waerden conjecture for the 
minimum permanent of matrices in 52,, the polytope of n-square doubly 
stochastic matrices, suggests the possiblity of determining the minimum 
permanent of matrices for faces of &. Several authors have already consid- 
ered this problem for some faces [l-8]. 
Let D = [ di j J be an n-square (0,l) matrix, and let 
Q(D) = {X= [xii] ~S&lx~~=Owheneverd~~=O}. 
Then Q(D) is a face of the polytope P,, and hence, being a compact subset 
of a finite dimensional Euclidean space, contains a matrix A such that 
per A d per X for all X E Q(D). Such a matrix A will be called a minimizing 
matrix on Q(D). 
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Brualdi [l] defined an n-square (0, l)-matrix D to be cohesive if there is a 
matrix Z in the interior of Q(D) for which 
per2 = min{perX: X 
And he defined an n-square (0, l)-matrix D 
perb(D) = min(perX: 
EW)). 
to be barycentric if 
X EQ(D)}, 
where the barycenter b(D) of G(D) is given by 
where the summation extends over the set of all permutation matrices P with 
P f D and per D is their number. 
In this paper we consider faces Q(D), where D is a (0,l) matrix having 
I, as a submatrix, for some k. For some of these faces we are able to 
determine the minimum permanent and whether D is cohesive or bary- 
centric. We also provide an example of a cohesive, nonbarycentric matrix in 
Theorem 2.3. Another example has been given by Foregger [12]. 
Let A be an n-square nonnegative matrix. If column k of A contains 
exactly two nonzero entries, say in rows i and j, then the (n - l)-square 
matrix C(A) obtained from A by replacing row i with the sum of rows i and 
j and deleting row j and column k is called a contraction of A. If A has a 
row with exactly two nonzero entries, then C( At)t is also a contraction of A, 
where A’ is the transpose of A. 
LEMMA 1.1 (Foregger [4]). Let D = [dij] be an n-square filly indecom- 
posabk (0,l) matrix, and bt A = [a, ] be a minimizing matrix on Q(D). 
Then A is filly indecomposable, and OT (i, j) such that di j = 1, 1 
perA(ilj) = perA if aij >O, 0.1) 
perA(ilj) z perA iLf aij=O. (1.2) 
LEMMA 1.2 (Foregger [4]). Suppose A E 0” is filly indecomposable and 
has a column (row) with exactly two positive entries. Then C(A) is 
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(n - IFsquare doubly stochastic and filly indecomposable, and 
where K_(c(A)) is a minimizirqg matrix on a( A) (on a( C( A)), respectively) 
and C(A) is a contraction of A. 
Now, Lemma 1.1 h.as been strengthened by Mint [8], with the aid of 
Egoycev’s refomulation [3] of Akxandrov’s inequality 
(perA)‘>, per[a l,...,a,_,,a,_,lXper[o,,...,a,,o,l 
foranynonnegativemutrixA=[a,,...,a,], asfollows. 
LEMMA 1.3 (Mint [8]). 
where D= [dl,...,d,] 
Let A = [aij] be a minimizing matrix on a(D), 
is an n-square (0,l) matrix. Zf, for some k G n, 
dj,= . . . = d,,, and if, for some i, aij, + . - . + aij,.# 0, then perA(ilj,) = 
perA fmt=l,...,k. 
By the linearity, with respect to each column, of the permanent function, 
Lemma 1.3 implies the averaging method, namely: If A = [a,, . . . , a ,J is a 
minimizing matrix on O(D), D = [d,, . . . , d,], and if d, = d,, then 
per[ua1+va2,va,+~,,a3 ,..., a,] =perA 
for any u,v>Owith u+v=l. 
Throughout this paper, K,,,, for a pair (p, 9) of positive integers, will 
denote the p X 9 matrix all of whose entries are 1, which will be denoted by 
K, in case that p = 9; and I, will stand for the identity matrix of order k. 
2. RESULTS 
PROPOSITION 2.1. Let 
%-I,” 
W 7n.n = H-l Km K I,n K “,m 4l (2.1) 
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be an (m + n)-square (0,l) matrix, fm n > 2. Then W,,. is not cohesive, 
and the minimum permunent on a( W,, ,) is 
(m-l)! (n-l)“-’ 
mm-l ’ nn ’ (2.2) 
Proof. Choose A so that it has the minimum permanent on the face 
Q(W,,_). Then A is fully indecomposable by Lemma 1.1. Since the first m 
columns of W,,” are the same, we can replace each of the first m columns 
by their average, by Lemma 1.3. Then the resulting matrix Z has the same 
permanent as A and has the following form: 
L 
m m-1,m Om-l,n 
a 
z= -** 
a mb, mb, *** mb, 
> 
b, ... b, x1 0 
b, * * * b, 0 *x, 
where mbj=l-xj for j=l,..., n. Since Z is fully indecomposable, b, and 
xi are not zero fro j =l,...,n. Therefore 
perZ=perZ(ljl)=perZ(m(i) 
for i=m+l,..., m + n, by Lemma 1.1. In order to know the relation 
between b, and b,, we calculate 
b,r,x, . . . x”, 
m-l 
b2xIx3.. - x,. 
Then their equality implies that x 1 = x2. Similarly, we have x1 = x = x and 
b,= b,=(l- x)/m for all j= 2 ,..., n. Using a = [l- n(l- x)\/m, we 
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have x # i for n > 3 and 
O=perZ(lll)-perZ(m(m+l) 
=(m_l)!(;)m-lx~-’ [2n&(l-3n)x+n-1+x] 
+A)!( ;)m-1r”-‘(2*-l)(n*-nC1). 
Hence we have XT = (n - 1)/n for n 2 2 and a = 0. Therefore W,,,, n is not 
cohesive, and we calculate 
perZ=perZ(mlm+l) 
Cm A)! (r?I)“_’ = 
mm-l . nn ’ 
as required. 
Brualdi [l] found th e minimum permanent on &I( W1,Cn_l,). Hence we 
have generalized his result in Proposition 2.1. 
LEMMA 2.2. For m 2 2, i!et 
Kn Kn,, 
VA,, = H--J 10 0. 
K 3,m 0 1 0 
0 0 0 
(2.3) 
Then Vi3 is not cohesive, and the minimum permanent on the face Q(Vi3) is 
$. For m > 3, VA,, is cohesive and the minimum permunent on the face 
w?,l.,) is 
(m - l)b” + y(m-1-Zmb)), 
(2.4) 
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m3(m2+m+2)b3-2(m+l)m3b2+2m(m2-l)b-(m-1)2=0. (2.5) 
Proof. Using the averaging method on the first m rows and first m 
columns of a minimizing matrix on the face Q(Vj,,), we may write a 
minimizing matrix A as follows: 
A= 
aL 
b, ... b, 
b, . . . b, 
1 1 
- . . . - 
m m 
b, b, $ . . . . . . . . . 
b, b, 1 
m 
Xl 0 0 
0 x2 0 
0 0 0 
From Theorem 4.4 of [6], it follows that x1 > 0 and x2 > 0. Then 
0 = perA(m + llm + 1) - perA(m +2)m +2) 
= (m - l)!a “-“[(m-l)(b2-b,)(b2+b,)+(x2-x,)al 
= (m - l)!a m-2(~1 - x2) 
i 
(mi21)2 - am). 
Hence we know that xl = x2 or am3 = (m - 1)2. 
For m = 2, we have x1 = x2 = $ and a = 0 from perA(l(3) = per A(lp) = 
per A(l(5). Thus the minimum permanent is h, and Vi3 is not cohesive. 
Let m >, 3. Assume that xl # x2, so that am3 = (m - 1)‘. Then we have 
0 = perA(llm + 1) - perA(llm +2) 
= (x1- x,)h - 591 
(m - o2 am_ 
m2 
3[(m-2)b,b2-a]. 
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The assumption xl # x2 implies that (m - 2)b,b, = a. Since b,, b, are less 
than l/m, b,b, must be less than l/m’. But then 
b,b, = & = 
(m-1)2 1 
(m _ 2)m” ’ 2 ’ brba’ 
This is a contradiction. So we conclude x1 = x2. Therefore, 
0 = perA(m +21m +2) - perA(l(m +2) 
(m - 1)l 
= 
m 
a”-3[mu{(m-l)b~+ax,) 
-(m-l)b,{(m-2)by+m,}]. 
Thus, the quantity in the brackets is zero. Using 
x,=1-mb, and 
we obtain 
2(m2- 1) b _(m-1)2=O f(b,)=(m2+m+2)bf-2(m+l)b:!+ m2 1 m3 
Since f’(b,) > 0 and f(0) < 0, and since 
1 
4 i 
m-l 
- =--0, 
m m3 
f( b,) = 0 has a unique real root in (0,1/m). Therefore the minimum value 
on the face Jz(V&) is perA = perA(m +2(m +2), which is the value given 
by (2.4) and (2.5). n 
THEOREM 2.3. For m a 2, let 
(2.6) 
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be an (m +3)-square (0,l) mutrix which contains I, as a s&matrix. Then 
we have a minimizing matrix fm on the face Q(V,,,) as follows: 
A= 
where bi (5;) is a column (row) vector with bi as all its entries for i = 1,2. 
This form A shows that V,,, i.s cohesive and not barycentric. In particular, 
(1) the minimum permunent on the face L?( V,,,) is 
;(l - 2b)2(1 - 5b + 12b2), 
where b is the unique real root of the equation 
44b3-16b2+9b-l=O; 
(2) the minimum permanent on the face Q(V,,,) is 
m!a”-2[(m-l)mb4+2maxb2+x2a2], 
where mu = 1 - 3b, x = 1 - mb, and b is a real root of 
(2.7) 
(2.7-l) 
(2.8) 
27 
m2+6m i-20-k - 
m 
3m+2l+z+$ 
m 
5+2+$+2 b3 
m 
-$+- b---$=0 (2.8-l) g\ 
m3 I 
Proof. Using the averaging method on the first m rows and the first m 
columns of a minimizing matrix on the face SI(V,,,), we may write a 
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minimizing matrix A as follows: 
A= (2.9) 
where bi (&‘) is a column (row) vector with bi as all its entries for i = 1,2,3. 
If xg were zero, then the minimum permanent would equal (2.4) in Lemma 
2.2 for m > 3 or h for m = 2. For m = 2, per A(5p) = & -C & = per A. For 
m > 3, 
since 
and 
perA- perA(m +3(m +3) 
= perA(m +2jm +2) - perA(m +3(m +3) 
=(m-l)!am-n[b~{(m-1)-m2(m-l)b~-m%,a} 
+ x,a( 1 - m2bf - mxla)] 
’ 0, 
(m - 1) - m2(m -l)by-m%,a=m(m+l)b,(l-mb,)>O 
l-m’bf-mx,a= -(m+2)mbf+(m+l)b,+1>0 
m 
for 0 <b,< l/m. This contradicts Lemma 1.1. Hence xx is not zero. 
Similarly, xl and x2 are not zero. Since A is fuIly indecomposable, a and 
b,, b,, b, are not zero. So V,,, is a cohesive matrix. 
The barycenter of I?m,3 is 
b(V&) = bFm 
3,m 
b;Im’3 , 
3 1 (2.10) 
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where 
m3-3m2+5m-2 m2-m+l m2+m+l 
u= m(m3+2m+l) ’ 
b= 
m3+2m+l’ 
LX= 
m3+2m+l ’ 
(2.1@1) 
Since perb(V,,,)(llm +3)- perb(V,,,)(m +3Im +3) < 0, b(V,,,) is not a 
minimizing matrix. So V,,, is not barycentric. 
In order to find a minimizing matrix, we calculate 
O=perA(m+lJm+l) -perA(m+21m+2) 
= mlmu m-2(b2-b,)[(b,+b2)((m-l)b~--b~+u} 
- u(a - mub, + mbi)]. 
Since b, + b, = 1 - ma - b,, the equation becomes 
m!m.u”-2(b,- b,)[(m - l)b,” - (m - l)(l- mu)b,2 
+a(m+l)(l-ma)b,-a(l-a-ma)] =O. (2.11) 
Similarly, we have 
0 = perA(m + llm + 1) - perA(m +31m +3) 
= m!mum-“(b,-b,)[(m-l)bi-(m-l)(l-m)bi 
+ a(m + l)(l - mu)b, - a(1 - a - mu)]) (2.11-1) 
0 = perA(m +21m +2) - perA(m +31m +3) 
= mlma “-2(b2-b,)[(m-l)b~-(m-1)(1-ma)b~ 
+a(m+l)(l-mu)b,-u(l-u-mu)]. (2.11-2) 
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If b,, b,, and b, are all distinct, then they are the real roots of 
g(b) = (m - l)b3- (m - l)(l - ma)b’+ a(m +l)(l - mu)b 
-a(l-a-mu)=O, 
from (2.11) (2.11-l), and (2.11-2). Therefore, b, + b, + b, = 1 - mu, b,b, + 
b,b, + b,b, = [l/(m - l)]a(m + l)(l - mu). Hence 
o < b; + b,2 + b3” = (b, + b, + b3)2 - 2( b,b, + b,b, + b,b,) 
m2+m+2 
=-(l-ma) 
i 
m_l a-l. 
i 
Since mu is less than 1, we have 
m-l 
O<u< 
m2+m+2’ 
(2.12) 
Since b,, b,, and b3 must be in (0,1/m), we have g(O)g(l/m) < 0. That is, 
u[(m + 1)u - l][u - ( mz - 2m + l)/m3] -C 0. Since a > 0, we have 
m2-2m+l 1 
m3 
<a<- 
m-t1 ’ 
(2.13) 
From (2.12) and (2.13), we have a contradiction that (m - l)/(m2 + m + 2) 
c(m2- 2m + l)/m3. Hence b,, b,, and b, are not all distinct. Therefore a 
minimizing matrix on the face P(V,,,) is of the form A in (2.9) with b, = b,. 
(1) Now, let us consider the case m = 2. Since b,, b, are not zero, we have 
0 = perA - perA 
=(b,-b2)[2(2b,+3)b,2-4b,+l-b,]. 
But the quantity in the brackets above is positive for arbitrary b,, b, in 
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(0, i). Hence we have b, = b, and x1 = x2. Since a # 0, 
0 = perA(l(1) - perA 
= (1 - 2b,)( - 22bf + 16b; - fb, + ;). 
Since 0 c b, < i, we have h(b,) = 22bf - 16bf + Eb, - i = 0. Since 
h’(b,) > 0, h(0) = - $ < 0, and h(i) = i > 0, h(b,) has a unique real 
root in (0, i). Hence we have the minimum permanent on the face 
Q(Vs,,) from perA = perA(l(l), in agreement with (2.7) and (2.7-l). [We 
remark that this minimum permanent on the face Q(Vs,,) is about 
0.0478105 when b, = 0.295134, a = 0.057299, and x1 = 0.409732.1 
Let m >, 5. A minimizing matrix is of the form A in (2.9) with b, = b,. 
Assume b, # b,. Then g(b,) = 0 must have at least one real root in 
(0,1/m) from (2.11). 
Case 1. g( bJ = 0 has one real root in (0,1/m) and two real roots in 
[l/m, 00). This case cannot hold, from (2.12) and (2.13). 
Case 2. g( b3) = 0 has two real roots in (0,1/m) and one real root in 
[l/m,co). Let us change ma by 1 -b,- 2b, at g(bJ = 0. 
Then we have 
m+l 
-b; + 
m2+5m +4 
m m2 
+-$(l-b,)[l-(m+l)b,] =O. 
Case 3. 
Case 4. 
Since the product of three real roots of F( b3) = 0 is positive, we 
have 0 < b, < l/(m + 1). Hence F(0) > 0 and F(l/m) = 
- (bl/m + 4/m3) < 0. Therefore F(b,) = 0 cannot’ have two 
real roots in (0,1/m), so g(b,) = 0. This case cannot hold. 
g(b,) = 0 bus three real roots in (0,1/m). This case cannot 
hold, from (2.12) and (2.13). 
g(b3) = 0 has one real root in (0,1/m) and two imaginary 
rooti. Then we have (m - l)“/m” c a < l/(m + l), since 
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f(O)f( l/m) < 0. Consider 
0 = perA(llm +3) - perA(m +31m +3) 
+ uz,b,2{ (m - l)b, - mu} 
From this equation, we have that 
m-2 
-b, -=z a < b,. 
m 
And similarly, we have 
m-2 
-bixa<bi for i = 1,2,3. 
m 
So1=mu+b,+b,+b3>(m+3)aandhencea<l/(m+3). 
Since a satisfies (2.13), we have a contradiction as follows: 
1 1 < (m-U2 
m+3 m3 
<a<- 
m+l 
for m 2 5. 
By cases 1 to 4, we have b, = b, = b3. Hence we have (2.81) from the 
equality of perA( +3) and perA(m +31m +3). And the minimum per- 
manent on the face O( V,,,,) is per A = perA( m + 31m + 3), in agreement 
with (2.8) and (2.81). n 
We remark that cases l-3 cannot hold for m = 3,4. But we do not know 
whether or not case 4 holds for m = 3,4. 
PROPOSITION 2.4. For n >l, let 
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be a 2n - 1 square (0,l) matrix. Then the minimum permunent on the face 
Q(U) is ((n - 1)!/n”-‘)2, and U is barycentric. 
Proof. Using the averaging method, we may write a minimizing matrix 
A on the face Q(U) as follows: 
A= ! 
g1 b, . . * b, 
Xl 0 
x2 
0 X” 
, 
where zi (b[) is a column (row) vector of order n - 1 with all entries bi. 
Since A is fuUy indecomposable, each bi is not zero. If some xi were zero, 
say x 1 = 0, then b, = l/( n - I). Since not alI xi are zero, we may assume 
that x2 is not zero without loss of generality. Then b, = (1 - x2)/(n - 1) < b,, 
and 
perA( njn) - perA = perA( nln) - perA( n + lln + 1) 
= [(n - l)lb3 - - . b,,]“(b2 - bl)(b2 + b,) < 0. 
This contradicts Lemma 1.1. Hence x1 is not zero, Similarly, not alI xi are 
zero. Therefore b, = b, from the equation 
0 = perA( nln) - perA( n + 1Jn + 1) 
= [(n-l)!b,.*. b,,12(bz - bd(bz + b,). 
Similarly, we have that all xi = bi = l/n for i = 1,. . . , n. Then A is the 
barycenter of Q(U). And the minimum permanent on the face O(U) is 
perA = perA(nln) = [n - l)!/n”-‘]2, as required. w 
For n 3 3, let 
MINIMUMPERMANENTSONFACES 277 
be (n +2)-square (0,l) matrices that contain the identity submatrix of 
order n. 
THEOREM 2.5. For n z 4, if 
” 
b, b, ... b, 
b b 1 2 -** bn 
bl bl ~1 0 
. . 
. . 
b, b, 0 *x, 
(2.15) 
i.s a minimizing matrix on the face Q(U,,“), then xi and bi are rumzero for 
= ,...) 1 n (i.e., U,,, is cohesive). Moreover, a local minimum for the 
permanent on the face l-&U..,,) occurs at the baycenter b(U,, ,,), and 
perb(%,) = 
2(n-l)(n-2)“-2 
n”+l 
Proof. Since U,,, is fully indecomposable, bi is not zero for i = 1,. . . , n. 
If some xi = 0, say x1 = 0 without loss of generality, then the 3rd column has 
only two nonzero entries b,. Then the contraction C(A) of A on the 3rd 
column is 
C(A) = 
0 0 
bl bl 
b2 b2 
. . 
. . 
in b, 
2b, 2b, . . - 2b, 
0 0 *.* 0 
x2 0 . . . 0 
. . 
;, (j . . : ;, 
From Lemma 1.2, we have 
2perA > per C(A), (2.16) 
where C(A) is a minimizing matrix on the face a( C( A)). Also we have that 
_ (n-2)“-’ 
per C(A) = ~ 
2(n-l)“-’ 
(2.17) 
278 SEOK-ZUNSONG 
by Proposition 2.1. But the barycenter b(l&) of Q(V,,,) equals A in (2.15) 
with bi = l/n, xi = (n - 2)/n for i = 1,. . . , n. By (2.16) and (2.17), we have 
a contradiction as follows: 
_ (n-2)“-’ 
per C(A) = ____ 
2(n - ,)“-I 
,22(n-l)(n-2)“-2 
g+l 
=2perb(U,,,) 2 2perA 2 per C(A) 
for n > 4. Therefore xi is not zero for i = 1,. . . , n. That is, V,,, is a cohesive 
matrix. 
Now, in order to obtain a local minimum permanent at the barycenter, 
we assume that 
(n-3)bi<xi<(n-l)bi (2.18) 
for i-l,..., n. Then we obtain l/(n + 1) < bi < l/(n - 1) from the doubly 
stochastic property for i = 1,. . . , n. And 
0 = perA - perA(lj4) 
= 2(b,- b,)(b;x,a.. x,,+x~~&... x, 
+ ~0. +X3Xq...X,_lbn2-blb2r3...X,). (2.19) 
But the interior of the second parenthesis is greater than 
since 
bi - n-lb+, > - 
1 
n-2 nt1- (n-2)(n-1) ‘O 
for i = 3,4,..., n and n > 4. Hence b, = b, from (2.19). Similarly, we have 
thatb,=bi=l/nandx,=x,=(n-2)/nforalli=2,...,n.InthiscaseA 
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is the barycenter of !&US, ,) and a local minimum permanent on a(&, ,) is 
obtained as required. n 
REMARK 2.6. For n = 3, 4, and 5, it can be shown that U,,, is in fact 
barycentric. We omit the proof. 
THEOREM 2.7. For n > 4, a local minimum permanent on the face 
Q(V,,,) for V,,, in (2.14) is 
2(n-l)(n-2)“-2 
, 
n n-t1 
(2.20) 
which occurs at the baycenter b(U,,,) of the face G(U,, ,) in Theorem 2.5. 
In particular, the value in (2.20) is the g.?obal minimum permanent for 
n=4or5. 
Proof. Assume that 
a a b, b, a.. b, 
a a b, b, ..a b, 
b, b, x1 0 a*. 0 
’ = b, b, 0 x2 - -. o 
. . . . 
in in 0 *xn 
(2.21) 
is a minimizing matrix on the face sZ(V,,,). Then all xi and bj are not zero 
for i = 1 , 2 , . . . , n, by the same method as in the proof of Theorem 2.5. And 
there exists some i such that xi >, 2bi. We may assume that x n >, 2b,, without 
loss of generality. If a # 0, then per Z(111) = per 2 and hence 
0 = perZ(111) - perZ(lln +2) 
= (x, - 2b,,)(ax,x, - ’ * x~._~ + b&x, . *. x,_, 
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This is a contradiction. So a must be zero in (2.21), and the form A in (2.15) 
becomes a minimizing matrix on a( Vz, .). Hence we have a local minimizing 
matrix b( UZ+“), and have a local minimum permanent in (2.20) on the face 
Q(V,+,) by Theorem 2.5. 
In particular, Remark 2.6 implies that the value in (2.20) is the global 
minimum permanent for n = 4 and 5. m 
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